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The setting
We want to design practical adaptive methods for
deep learning. How do we do that?
We find the convex framework to be useful:

min
x∈Rp

f (x), (1)
where f is a differentiable function.
Assumption 1a (non-smooth f ): For every
x ∈ Rp and g ∈ ∂f (x), it holds ‖g‖ ≤ G.
Assumption 1b (smooth f ): For every x, y ∈
Rp, it holds ‖∇f (x)−∇f (y)‖ ≤ L‖x− y‖.

Background: AdaGrad

Adam works well but it doesn’t have good theory :(
AdaGrad is similar and it can be studied :)
xt+1 = xt−D∞

gt√∑t
k=0 g

2
k

, where D∞ = ‖x0−x∗‖∞,

gt ∈ ∂f (xt). For theory, it is easier to study
AdaGrad-Norm [3],
xt+1 = xt−D

gt√∑t
k=0 ‖gk‖2

, where D = ‖x0−x∗‖.

or even Normalized Subgradient Descent [2]:

xt+1 = xt − αt
gt
‖gt‖

, where αt ∼
D√
t
,

Main issue: all methods require D or D∞.

Background: D-Adaptation

Consider gradient descent, xt+1 = xt − ηtgt, then:

0 ≤
k∑
t=0
ηt(f (xt)− f (x∗)) (optimality of x∗)

≤
k∑
t=0
ηt〈gt, xt − x∗〉 (convexity of f )

=
k∑
t=0
ηt〈gt, x0 − x∗〉 +

k∑
t=0
ηt〈gt, xt − x0〉

≤
∥∥∥∥∥
k∑
t=0
ηtgt

∥∥∥∥∥‖x0 − x∗‖ +
k∑
t=0
ηt〈gt, xt − x0〉,

which gives

D = ‖x0 − x∗‖ ≥ d̂k =
∑k
t=0 ηt〈gt, x0 − xt〉
‖∑k

t=0 ηtgt‖
.

Using dk = max(d̂k, dk−1) as the stepsize is the key
idea behind D-Adaptation [1].

Summary
Goal: Adam-like method without learning rate.
Idea: instead of estimating just the gradient mag-
nitude g2, estimate the product of d and g (hence
the name, Pro-di-gy)
Theory: Prodigy has faster convergence rates than
D-Adaptation in terms ofD/d0 (price of adaptivity).
Experiments: Prodigy nearly matches hand-
tuned Adam on a range of deep learning problems.

Prodigy

Algorithm 1 Prodigy (Adam-based)
Input: x0 ∈ Rp, d0 > 0 (default: 10−6), β1 (default: 0.9),

β2 (default: 0.999), schedule γk (default: 1), ε = 10−8)
1: for k = 0, 1, . . . do
2: gk ∈ ∂f (xk)
3: mk+1 = β1mk + (1− β1)dkgk
4: vk+1 = β2vk + (1− β2)d2

kg
2
k

5: rk+1 =
√
β2rk + (1−

√
β2)γkd2

k〈gk, x0 − xk〉
6: sk+1 =

√
β2sk + (1−

√
β2)γkd2

kgk
7: d̂k+1 = rk+1

‖sk+1‖1
8: dk+1 = max(dk, d̂k+1)
9: xk+1 = xk − γkdkmk+1/(

√
vk+1 + dkε)

10: end for

Algorithm 2 Prodigy (GD-based)
Input: x0 ∈ Rp, d0 > 0

1: for k = 0, 1, . . . do
2: gk ∈ ∂f (xk)
3: vk+1 = vk + d2

k‖gk‖2

4: ηk = d2
k√

vk+1+d2
kG

2

5: rk+1 = rk + ηk〈gk, x0 − xk〉
6: d̂k+1 = rk+1

‖x0 − xk‖
7: dk+1 = max(dk, d̂k+1)
8: xk+1 = xk − ηkgk
9: end for

Theorem 1. On non-smooth problems, gap f (x)− f∗ converges as O
(√

log2+(D/d0)√
k

)
.

Theorem 2. On L-smooth problems, we set G = 0 and the gap f (x)− f∗ converges with
rate O

(
log2+(D/d0) log2

2+( LD
d0‖g0‖

)
k

)
.
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Experiments

We compare Prodigy, which has no learning-rate tuning, to Adam with a
manually tuned learning rate (weight decay was tuned for all methods).

0 10000 20000 30000 40000 50000 60000
Step

5.0

7.5

10.0

12.5

Tr
ai

ni
ng

 L
os

s

IWSLT14 (LSTM)

Adam (4.27 SE 0.003)
Prodigy (3.83 SE 0.003)
D-Adapt Adam (4.03 SE 0.002)

0 10000 20000 30000 40000 50000 60000
Step

5

6

7

8

Te
st

 L
os

s

IWSLT14 (LSTM)

Adam (4.31 SE 0.003)
Prodigy (4.40 SE 0.005)
D-Adapt Adam (4.33 SE 0.003)

0 50 100 150 200 250 300
Epoch

0.000

0.005

0.010

0.015

Tr
ai

n 
Lo

ss

ILSVRC 2012 ImageNet (Vision Transformer)

D-Adapt Adam (3.9e-03 SE 4.9e-06)
Adam (3.7e-03 SE 1.9e-05)
Prodigy (3.8e-03 SE 3.5e-05)

0 50 100 150 200 250 300
Epoch

40

50

60

70

Te
st

 A
cc

ur
ac

y 
(%

)

ILSVRC 2012 ImageNet (Vision Transformer)

D-Adapt Adam (72.35% SE 0.07)
Adam (75.40% SE 0.07)
Prodigy (74.63% SE 0.21)

0 10 20 30 40 50
Epoch

0.4

0.5

0.6

0.7

Tr
ai

n 
lo

ss

fastMRI Knee

Adam (0.4281 SE 0.00021)
Prodigy (0.4278 SE 0.00055)
D-Adapt Adam (0.4276 SE 0.00028)

0 10 20 30 40 50
Epoch

0.84

0.86

0.88

0.90

Te
st

 S
SI

M

fastMRI Knee

Adam (0.9103 SE 0.00032)
Prodigy (0.9108 SE 0.00058)
D-Adapt Adam (0.9105 SE 0.00057)

0 10000 20000 30000 40000 50000 60000
Step

20

40

60

80

100

Tr
ai

ni
ng

 P
er

pl
ex

ity

BookWiki (GPT Transformer)

Adam (20.19 SE 0.084)
D-Adapt Adam (20.16 SE 0.093)
Prodigy (20.13 SE 0.199)

0 10000 20000 30000 40000 50000 60000
Step

15

20

25

30

35

40

Te
st

 P
er

pl
ex

ity

BookWiki (GPT Transformer)

Adam (19.49 SE 0.012)
D-Adapt Adam (19.46 SE 0.019)
Prodigy (19.65 SE 0.026)

Figure 1: Left: train loss, right: validation loss.
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Figure 2: CIFAR10 experiment (ResNet-50). Left: learning rate, middle: train loss, right:
validation accuracy.


